NASA TECHNICAL NOTE

|

-
>
p - )
e G |
\=
v
-9
wn
~¢
W

L foav cary: | B 26

A ATWL (VEEg

& KIRTLAND Al 2= 3¢

= P=¢

= ="

Z )

= L

THE DISTRIBUTION AND PROPERTIES

OF A WEIGHTED SUM OF CHI SQUARES

by A. H. Feiveson and F. C. Delaney

Manned Spacecraft Center

Houston, Texas
e

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION « WASHINGTON, D. C. «  MAY 1968



TECH LIBRARY KAFB, Nm

LT

0131143,

THE DISTRIBUTION AND PROPERTIES OF A

WEIGHTED SUM OF CHI SQUARES
By A. H. Feiveson and F. C. Delaney

Manned Spacecraft Center
Houston, Texas

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

For sale by the Clearinghouse for Federal Scientific and Technical Information
Springfield, Virginia 22151 — CFSTI price $3.00



ABSTRACT

A study of some of the properties of a weighted
sum of chi-square random variables is presented,
including the derivation of approximations to the dis-
tribution of this sum and an evaluation of the Welch
approximation for the distribution of the test statistic
in the Behrens-Fisher Problem. The study indicates
that if equal sample sizes are selected, the Welch
approximation to the Behrens-Fisher Problem may

be safely used.
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THE DISTRIBUTION AND PROPERTIES OF A
WEIGHTED SUM OF CHI SQUARES

By A. H. Feiveson and F. C. Delaney*
Manned Spacecraft Center

SUMMARY

A study of some of the properties of a weighted sum of chi-square random vari-
ables is presented. Derivations of approximations to the distribution of this sum and
an evaluation of the Welch approximation for the distribution of the test statistic in the
Behrens-Fisher Problem are included. The study indicates that if equal sample sizes
are selected, the Welch approximation to the Behrens-Fisher Problem may be safely
used, even for sample sizes as small as 5.

INTRODUCTION

The density function for the distribution of a weighted sum, for example, Zz, of
independent chi-square random variables cannot be represented by elementary analytic
functions. In many cases, it has been found feasible to approximate the distribution
of Z2 by that of a gamma distribution, the first two moments of which are equal to
the first two moments of Z2. This paper is divided into two main sections. The first

section describes the actual distribution of Zz, and the second section evaluates the

approximation described previously, particularly as it is used in the Behrens-Fisher
Problem of testing for the difference between the two samples when the variances are
not assumed to be equal.

SYMBOLS
a constant greater than 1
ay maximum (al, az)
a. positive constant

*Lockheed Electronics Company, Houston, Texas.



ar minimum (al, az)
bk term in infinite series
F z(x), F_ (x) cumulative distribution functions of the random variables Z2

Z v and v
f degrees of freedom for Welch t statistic

. . 2 2
fo(v) density function for x“(n) + ax“(m)
fU(u) density function for random variable U
£ ) density function for random variable ¥
G ,x) approximation to F (&)
2 2

Z Z
k index of summation
m,n,p,q, R, € constants
Nj independent random variables (j = 1,2, ..., k) distributed N(0, 1)
N (u, 02) normally distributed with mean p and variance 02
ny;ng sample sizes
N {nl if a;>a,

H n, if a;<ay
. {nz if al >2,

L ny if a; < g9
r. upper limit of integration

2 2 . .

S1 s 89 sample estimates of variance
t referring to Student's t distribution



w, v,z

R>

B(r, s)
()

random variable distributed as N(0, 1)

variables of integration
X s . 2 2
random variable distributed as ay (nl - 1) +(1-a) (n2 - 1)

complex number

complex number equal to 1 - 2iajt (see eq. (5))
sample averages

observations

weighted sum of independent chi-square random variables
constant between 0 and 1
2
51

estimate of @, equal to —g %

S, +8

1 2

beta function with arguments r and s
gamma function
expected value operator

constant > 0

means

variances

characteristic functions for the random variables Zz, sz, and

so forth

standard normal cumulative distribution function (c.d.f.)

chi-square distribution with n degrees of freedom

Behrens-Fisher statistic



DISTRIBUTION OF Z2

General Case

Let Nj G=1,2, ..., k) be independent, normally distributed, random variables
k

with mean p = 0 and variance 02 =1, and let 22 = E aijz where the aj are real,
i=1

positive constants. The characteristic function of Zz, denoted by & z(t), is
Z

k . 2

72 5 k  itaN.” k
& _(t) = Ee"” = E{exp|it E aN“l}=mEe 1 -1 & ) (1)
72 i3 =1 =1 a.N,2

=1 )= = AT

where @ 2(t) is the characteristic function of aijz. Since sz is distributed
a.N.

1]
as x2(1), its characteristic function & 2(t) is (1 - 2it)-1/2; hence
N.

J

ia,tN 2
i . \-1/2
@ W= ) =0 _f@t)=(1-2iat (@)
a.N.? N.2(J )= i)
17 i
therefore
k
@ H(t)= T (1 - 2ia.t>'1/2 (3)
Z j=1 ]

The cumulative distribution function (c.d.f.) of Zz, to be denoted by F 2(x), is ob-
Z
viously zero for x = 0; hence, it can be obtained by setting h = x in the following
relation (taken from ref. 1), provided that & 2(t) is integrable over the real line.
Z



Fz(x+h)-F2(x-h) o
z z 1 in ht -i
o - / sinht o itxg, 5 (t)dt (4)

7

-0

To make & 2(t) continuous, hence integrable, for all real t, let ~-Tr<argw =7

Z
-1/2 1 -(i/2)arg w
for all complex numbers w, and let w be equal to T e . Let

w, =1 - 2ia,t. Then & ,(t) can be written
] ] 72

k _ -(i/2)arg w, .k k _
) 2(t): I ijl 1/2e V2 exp —%Z arg w; I IW].| 1/2 (5)
z j=1 j=1 j=1

Since -7/2 < arg wj < /2, the function arg w]. can be defined as
arg w, = tan_l(—2a.t> _ _tan"l2a.t (6)
] ] ]
Therefore

- k
-1 -1/2
@ZZ(t) = expE E tan ZaHjlzll ijl (1)

and using equation (4) with h = x

F ,2x)-0
72 1 [ sin tx 1 -1 k -1/2
g = _2_5/;0 = explE(—tx +5 E tan 2ajt§]j£11 le| dat (8)

that is

(9)

|-1/4

)] -

- sin x k
2 exp|if- x,1 tan"t2a.t)| T | 1 + 42,22
a t 2 2 j i=1 j

Se]

F o) =
72"

wr



Since the imaginary part of the integrand

sin t = k
2 sin [-tx + 2 tan"12a.t) I |w, -1/2 (10)
t 2 j l
j=1 11

is an odd function, its integral over the real line is zero; thus

o0
. tx
1 sin - 1 -1 k 99 -1/4
F 2(x) == T cos|-tx +35 E tan "2a.t] 1I (1 +4a."t > dt
7 TJw 1/3=1 J
% t
o tx
sin k -1/4
= 2 r 1Zcos (-tx +% E tan"12a.t) I (1+4a.2t2) dt
o " 1/i=1 ]
00
_ f o(t, x)dt (11)
0

where g(t,x) represents the integrand in the preceding equation.
Computation of F 2(x)
Z

It was decided to calculate F 2(x) by numerically integrating equation (11) and
Z
to compare the results with the c.d.f. of the approximating gamma distribution. To
achieve reasonable accuracy in a reasonable amount of time, both a step size s and
an upper limit of integration b must be determined. A rough upper bound for b can

/]:o g(t, x)dt

be obtained by noting that is less than

[~e]
i
sin = k -1/4
2 - 2 cos<-%+% _;_ tan'lza.t> 1 <1 +4a.2t2> at
7 ), i/ 21 j
o0 o0
2
<% k - oo\ /2T k/4 (k/Z)jtl < s k/2 4k 1/2 12)
tH(1+4a.t> ak/4 1 a, @)X/ %k T a.
J:l J j:l J j:l ]
b b
6

e L [ [ I | [T [ [ o



Thus, if the absolute error from incomplete integration is desired to be less than some
positive number €, then b must be chosen such that equation (12) is less than €. The
step size should be taken proportional to 1/x, since the function to be integrated is
roughly periodic with frequency 4n/x.

After trial and error, 1/10x was determined to be a good step size to use. The
results were able to be checked in some cases (for example, where all the aj were

equal), and in those instances, at least four decimal places of accuracy were obtained.
There is no reason to suspect that the accuracy of the numerical integration would be
materially affected if the a.j were not equal.

Gamma Approximation F 2(x)
Z

One of the common approximations to F z(x), denoted by G 2(x), is a gamma
Z Z

distribution having the same first two moments as that of Zz. Thus

X
A
_ a -ata-1
Gzz(X)_‘/(; oy © t dt (13)

where a = (1/2) (Zai/Zaf) and x = (1/2) [(Eai)?‘/Zaﬂ.

Accuracy of Gamma Approximation

Results indicate that the mean of the weights (the ai) does not affect the accu-

racy of the approximation.

A statistic with one of the most measurable effects on the approximation is the
standard deviation of the weights. As the standard deviation of the weights increases,
the approximation tends to be an overestimation of the true functional value in the right
tail of the distribution. This tendency is illustrated in tables I to XII.

Because the parameters @ and X of G 2(x) depend only on the first two mo-
Z
ments of the weights, the approximation yields the same value for any set of weights
with the same mean and standard deviation. This value is shown in tables I to XII
under the heading G(x). The tables also give the true values F 2(x) listed under
yA

F(x) in columns I, II, and III, where the mean and standard deviation of the weights
are the same for I, II, and III, but in I, the weights are equally spaced; in II, one half
of the weights are equal to a constant and the other half are equal to another constant;



and in III, all of the weights except one are equal to one constant while the remaining
weight is equal to a different constant. An inspection of tables I to XII indicates that as
the number of weights increases, the accuracy of the approximation improves.

A marked difference was noted between the approximation and the true functional
value in the left tail of the distribution.

DISTRIBUTION OF Z2 FOR ONLY TWO DISTINCT SETS OF a's

The Behrens-Fisher Problem
The Behrens-Fisher Problem can be stated as follows: consider two independent

samples Xy X9 +ees Xlnl’ and X913 K99y =« ) x2r12 from normal distributions

with means Fq and Ho and variances 012 and 022. It is desired to test the null hy-

pothesis that Hq = Ho when no knowledge of 012 or 022 exists.

Since the sample averages §1 and )?2 are normally distributed with means “1

and Y respectively, and variances olz/n1 and 022/n2, respectively, the random

variable

(14)

Let the Behrens-Fisher statistic ¢ be the random variable obtained by inserting

sample estimates for 012 and 022 in equation (14). That is

—~
>
[wa—ry
1
el

2) -(“1 i “2) (15)
2

w0

1S3
2

=]




2
with i =1,2. The problem is to find the distribution of

n ~1
i

where si2 = Z (ill - xi)

v. It is well known that

and that si2 is independent of Ei for i =1,2. Therefore, under the hypothesis

’J'l =“2
2 2
o o
v o~ 2 17
2. 2 2.2
f1X (Ml X (%)
nl(n1 - 1) nz(n2 - 1)
which is equivalent to
o~ N(0, 1)
-1
2 2 2.2 2.2
oy +02 01X(n1—1)+02X(n2—1)
ny n, nl(n1 - 1) nz(n2 - 1)
_ N, 1) (18)
2 2
T, 2,
n, x(nl-l) n x(nz—l)
+

A T .
n n, ny n,

T ' T T T s



g o
=1

n

It is no loss of generality to assume Therefore

2
N N
[

ax(n111)+(1-a)x(n2—1)
nl- nz-l
where
.
‘1
n 1 .
a:oz 02(O<ozs§) (20)
1 2
T, tho
1 2

and U and \/7 ar~ the numerator and denominator, respectively, of equation (19).

Let fU(u) and fV(V) be the probability density functions of U and V, respec-
tively. Then Fv(x), the c.d.f. of v, can be obtained by

Fy (x)

£<XV/2fU(u)fV(v)du dv =£ fV(v)cb(XTV)dv

1 -focofv(v)E - @(’%) dv (21)

where & represents the standard normal distribution function. To facilitate numer-
ical integration of equation (21), an expression for fV(v) which does not involve a

10



numerical integration1 is needed. A rapidly converging infinite-series representation
of fV(v) may be obtained in the following manner. Let fo(v) be the density function

of xz(n) + axz(m) where a < 1. Then
v/a
£ (v) = fo £ (01, (v - at)dt 22)

where fm and fn are chi-square density functions with degrees of freedom m and
n. Thus

1 /2 (m/2)-1 m/2)-1_ [ 1
fo(v) = I‘(m)zm/zr‘(ﬂ)zn/éfo g (v - at)'\™ expE E(t +V - atz' dt
2 2
(23)
which, upon making the transformation z = at/v, gives
fo(v) _ Rflzp—l(l - Z)Q‘le(ZV/z)[l'(l/a—)]dz (24)
0
where p = m/2, q =n/2, and
(m/2)+(n/2)-1_~v/2
R= /2 m i,z (29)
/() (g

1Ray and Pitman (ref. 2) give an expression for fV(v) involving (nl +n, - 2)/2
terms when n, and n, are odd; however, it requires the summing of alternating

positive and negative terms which can seriously impair numerical accuracy on the
computer.

11



Expanding the exponential term in a power series gives

k
1_._
£ (v)-Rf Pl _ )0 1Zk,|:_—] dz (26)

Since the exponential series is uniformly convergent on the interval [0, 1], the
integration and summation operations may be interchanged; hence

= K1)
f(v)=R§ 2/ [Pl )y,
t
SR S
k
i Vk! 1- %)
k!2
k=0 '
2 Pe -v/2
- 1“@_ (27)
k=0
where
k
vk+p+q—1(1 _ %)
- N A (28)
k 2pﬂ+kk!(l<+p)(k +p+1).. (k+p+q— 1)
Note that
b vk +p)(1 - l)
k+1 _a (29)
bk “zk + D&k +p +q)
12

- 7 . 7 [ ]



and that for a> 1, bk > 0.

The two properties mentioned make the series easily summable on a computer;
hence, fo(v) can be approximated to a high degree of accuracy by summing only a few

terms of equation (27).

Once fo(v) is obtainable, it is easy to compute fV(v). Let

21 n, -1 (30)
1
and
l1-a
ag = - (31)
2 ny 1
Then
o~ 2 2
Ve~ax (n1—1> +agY (nz—l) (32)
Let
a,, = maxf{a,,a )
H (31> 22)
a; = min (al, az)
o {nl it a, >a, } (33)
H n, if al <aL2
N ={n2 if al>a2
L n1 if a1 <a_2 )

13



Then

a
V~ asz(nH - 1) + asz(nL - 1) ~ aLEII;JI- xz(nH - 1) + XZ(nL - 15, (34)

Taking a = aH/aL, m =ng - 1, and n = n - 1, the distribution of (l/aL)V

(that is, fo(v)) can be found from equation (27), from which fV(v) may be derived
using

1 v
£, () = i fo(q> (35)

Computation of Fv x)

In order to integrate equation (21) numerically, an upper limit and a step size
must be determined. Let € be an upper bound of error in Fv (x) resulting from in-

complete integration of equation (21), and let r, be a number such that

1- cI:o(x,(rE ) < €. Since 1- &(-) is a monotonically decreasing function and since

(o]
f f_(v)dv = 1, it follows that
0 A%

/cofv(v)[l - @(xv%)] dv < [ - CP(er %ﬂ /oofv(v)dv <€ (36)

r r
€ €

[
In most cases, ‘[ fV(V)dV will be very small, so that the actual error may be on the
€

order of 62; however, the crude bound in equation (36) is adequate for most purposes.

The simplest way to choose a step size was determined to be by trial and error,
looking at the changes in the computed Fv (x) for various sizes.

14




Welch Approximation to Fv x)

The approximating distribution to FV x) (ref. 3)is a t distribution having
f degrees of freedom, where f is defined by the relation

1 a a- oz)2

n1-1+n2-1

(37)

The accuracy of the approximation is shown in table XIII. In this table, F(x)
represents Fv (x). Since, in general, a is unknown, it must be estimated by

s 2
1
A n]_
¢ =—5—73 (38)
S )
—— + E—
nl n2

In the notation used, A-HIGH represents the 90-percent point of the distribution2 of 3:,

A-LOW represents the 10-percent point of &, and A-TRUE represents the true value
of «. Similarly, GHIGH(X) and GLOW(x) are the approximating distributions based

on A-HIGH and A-LOW, respectively, while G(x) is the approximate distribution
based on A-TRUE.

An inspection of table II discloses that the Welch approximation is remarkably
accurate, even for small n, and g, provided that ny and n, are equal or nearly

equal. In most other cases, the approximation underestimates Fv x).

Note that if a test were actually performed for the difference of two means, using
this procedure, @ would have to be estimated by equation (38). However, it is dis-
closed in the tables that if n; =Ny, the distribution of v is remarkably insensitive to

@, so that practically any estimate such as equation (37) would give satisfactory re-
sults.

Q )N
( iy
2It is not difficult to show that @ is distributed as M-a) where F has

(l?a)?"'l

the Fisher's F distribution with n, - 1 and ng - 1 degrees of freedom.

15



CONCLUSION

Information concerning the distribution and approximate distribution of a weighted
sum of independent chi-square random variables has been presented. The information
has indicated that if equal sample sizes are selected, the Welch approximation to the
Behrens-Fisher Problem may be safely used, even for sample sizes as small as 5.

Manned Spacecraft Center
National Aeronautics and Space Administration
Houston, Texas, February 23, 1968
039-00-00-00-72
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TABLE I. - MEAN OF WEIGHTS, 10; NUMBER OF WEIGHTS, 4

Standard
deviation
of weights

Basic
weight
of x

1. 62
134. 87
166. 49
198. 11
229. 74
261. 36

70. 46
131. 39
161. 85
192. 32
222.178
253. 24

69. 53
128. 59
158. 12
187. 65
217.18
246. 67

68. 43
125.28
153. 70
182. 13
210. 55
238.98

G(x)

0.85745
. 98457
. 99514
. 99850
. 99954
. 99986

0. 85650
. 98502
. 99541
. 99862
. 99959
. 99988

0. 85575
. 98540
. 99562
. 99872
. 99963
. 99989

0. 85487
. 98586
. 995687
. 99883
. 99967
. 99991

aWeights are equally spaced.

Spacing of weights

@)

F(x)

0. 86245
. 98344
. 99420
. 99795
. 99926
. 99973

0. 86069
. 98407
. 99462
. 99817
. 99937
. 99978

0. 85865
.98474
. 99507
. 99841
. 99948
. 99983

0. 85528
. 98576
. 99580
. 99878
. 99965
. 99990

I III

(b) (c) ;
F(x) F(x) 3
. 86259 . 86687
. 98326 . 98289
. 99417 . 99350
. 99797 . 99747
. 99929 .99900 i
. 99975 . 99960
. 86082 . 86318
. 98397 . 98382
. 99460 . 99421
. 99818 . 99788
. 99939 . 99921
. 99979 . 99970
. 85871 . 85977
. 98470 . 98465
. 99506 . 99488
. 99841 . 99827
. 99949 . 99940
. 99984 . 99979
. 85528 . 85532
. 98576 . 98576
. 99580 . 99579
. 99878 . 99878
. 99965 . 99965
. 99990 . 99990

bOne‘half of the weights are equal to a constant while the other half are equal to

another constant.

CAll of the weights except one are equal.

17



TABLE II. - MEAN OF WEIGHTS, 10; NUMBER OF WEIGHTS, 5

Standard
deviation
of weights

I
(@)

G(x) B

0.85476
. 98591
. 99591
. 99884
. 99968
. 99991

. 98635
. 99614
. 99894
. 99972
. 99992

. 98671
. 99633
. 99902
. 99974
. 99993

0.85258
. 98715
. 99655
. 99911
. 99978
. 99994

- S

aWeights are equally spaced.

bOne half of the weights are equal to a constant while the other half are equal to
another constant.

CAll of the weights except one are equal.

18

0.85396

0.85332 |

Spacing of weights

II 111

(b) (c)

F(x) F(x) F(x)
0.85927 0.85776 0.86446
98473 . 98491 . 98396
99504 . 99529 . 99418
99839 . 99856 . 99784
99949 . 99957 . 99919
99984 . 99988 . 99970
0.85772 0. 85689 0.86071
98536 . 98545 . 98496
99543 . 99557 . 99491
99858 . 99868 . 99824
99957 . 99962 . 99939
99988 . 99990 . 99979
0.85594 0. 85557 0.85731
98603 . 98607 . 98586
99584 . 99591 . 99559
99878 . 99883 . 99862
99966 . 99968 . 99957
99991 . 99992 . 99987
0.85296 0.85295 0.85302
98707 . 98707 . 98706
99650 . 99503 . 99649
99910 . 99910 . 99909
. 99978 . 99978 . 99978
. 99996 . 99996 . 99996




TABLE III. - MEAN OF WEIGHTS, 50; NUMBER OF WEIGHTS, 4

Spacing of weights
Standard Basic
deviation weight I I 111
of weights of x (@) (b) (c)
Gx) F(x) F(x) F(x)
358.11 0. 85745 0. 86245 0. 86259 0. 86687
674.34 . 98457 . 98344 . 98326 . 98290
95 832. 46 . 99514 . 99420 . 99417 . 99350
990. 57 . 99850 .99795 . 99796 . 99747
1148. 68 . 99954 . 99926 . 99929 . 99900
1306. 80 . 99986 . 99973 . 99975 . 99960
352.31 0. 85650 0. 86069 0. 86082 0.86318
656. 95 . 98503 . 98407 . 98397 . 98382
20 809. 26 . 99541 . 99461 . 98397 . 99421
961. 58 . 99862 . 99817 . 99818 . 99788
1113.89 . 99959 . 99937 . 99939 . 99921
1266. 21 . 99988 . 99978 . 99979 . 99970
344, 22 0. 85520 0. 85670 0. 85671 0. 85703
632.67 . 98568 . 98534 . 98533 . 98532
10 776. 89 . 99578 . 99549 . 99549 . 99543
921.11 . 99879 . 99863 . 99863 . 99858
1065. 33 . 99966 . 99958 . 99958 . 99956
1209. 55 . 99990 . 99987 . 99987 . 99986
341.45 0. 85477 0. 85478 0. 85478 0. 85478
624. 35 . 98591 .98591 . 98591 . 98591
1 765. 80 . 99591 . 99590 . 98591 . 99590
9017. 25 . 990884 . 99884 . 99590 . 99884
1404. 87 . 99968 . 99968 . 99884 . 99968
1190. 15 . 99991 . 99991 . 99991 . 99991

aWeights are equally spaced.

bOne half of the weights are equal to a constant while the other half are equal to
another constant.

CAll of the weights except one are equal.
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TABLE IV.- MEAN OF WEIGHTS, 50; NUMBER OF WEIGHTS, 5

Standard
deviation
of weights

25

20

10

) (a)

Spacing of weights

I

[

A
Basic
weight

of x o

G(x)
426.78 0. 85476
780. 33 . 98591
957. 11 . 99591
1133. 88 . 99884
1310. 07 . 99968
1487. 44 . 99991
420. 29 0.85396
760. 88 . 98635
931. 18 .99614
1101. 47 . 99894
1271.76 . 99972
1442, 06 . 99993
411.25 0.85286
733.74 . 98698
894. 98 . 99647
1056. 22 . 99908
1217.47 . 99976
1378.72 . 99994
408, 14 0.85249
724.43 . 98720
882.58 . 99658
1040.72 . 99912
1198. 87 . 99978
1357. 02 . 99995

aWeights are equally spaced.

bOne half of the weights are equal to a constant while the other half are
another constant.

CAll of the weights except one are equal.

20

RG)

0. 85927
. 98473
. 99504
. 99839
. 99949

. 99984

0.85772
. 98536
. 99543
. 99858
. 99957

0.85422
. 98664
. 99622
. 99896
. 99973

0.85252
. 98722
. 99660
. 99914
. 99980
. 99997

. 99988

. 99994

0.85776
. 98491
. 99529
. 99856
. 99957

. 99988

0. 85689

. 98545
. 99557
. 99868
. 99962

. 99990

0.85410

. 98665
. 99625
. 99897
. 99974

. 99994

0.85252
. 98722
. 99660
. 99914
. 99980
. 99997

nr

(@)

Fx)

. 86245
. 98344
. 99412
. 99794
. 99926
. 99973

. 86071
. 98496
. 99491
. 99824
. 99939

. 99979

. 85465
. 98659
. 99614
. 99891
. 99970
. 99993

. 85252
. 98722
. 99660
. 99914
. 99980
. 99997

equal to




TABLE V. - MEAN OF WEIGHTS, 50; NUMBER OF WEIGHTS, 6

Standard
deviation
of weights

25

20

10

Basic
weight

of

493.
880.
1074,
1268.
1461,
1655.

486.
859,
1046.
1232.
1419.
1605.

476.
829.
1006.
1183.
1359.
1536.

473.
819.
992.
1166.
1339.
1512.

X

65
95
60
25
90
54

55
64
19
74
29
83

64
91
54
18
81
45

24
72
96
20
43
68

G(x)

0. 85287
. 98697
. 99646
. 99907
. 99976
. 99994

0. 85217
. 98739
. 99667
. 99916
. 999179
. 99995

0.85121
. 98799
. 99696
. 99927
. 99983
. 99996

0. 85089
. 98820
. 99706
. 99303
. 99984
. 99996

aWeights are equally spaced.

(a)

Spacing of weights

F(x)

0. 85696
. 98576
. 99566
. 99870
. 99962
. 99991

0. 85558
. 98639
. 99602
. 99886
. 99969
. 99993

0. 85246
. 987765
. 99675
. 99919
. 99982
.99998

0. 85093
. 98823
. 99709
. 99933
. 99987
. 99999

i
(b)

F(x)

0. 85687
. 98566
. 99567
. 99873
. 99965
. 99992

0. 85560
. 98632
. 99602
. 99888
.99970
. 99994

0. 85247
. 98765
. 99675
. 99919
. 99982
. 99998

0. 85093
. 98823
. 99709
. 99933
. 99987
. 99999

II1
(c)

F(x)

0. 86269
. 98480
. 99468
. 99810
. 99932
.99976

0. 85892
. 98585
. 99543
. 99850
. 99951
. 99985

0.85296
. 98758
. 99665
. 99913
. 99979
. 99996

0. 85093
. 98823
. 99709
. 99933
. 99987
. 99999

bOne half of the weights are equal to a constant while the other half are equal to

another constant.

CAll of the weights except one are equal,
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TABLE VI. - MEAN OF WEIGHTS, 50; NUMBER OF WEIGHTS, 7

Spacing of weights
Standard Basic
deviation weight 1 I I
of weights of x (@) o) (c)
G&x) Fx) F(x) Fx)
559, 16 0. 85147 0. 85521 0. 85417 0. 86132
9717. 49 . 98783 . 98662 . 986717 . 98547
95 1186. 66 . 99689 . 99614 . 99632 . 99506
1395, 83 . 99924 . 99891 . 99902 . 99828
1604. 99 . 99982 . 99971 . 99976 . 99940
1814. 16 . 99996 . 99994 . 99996 . 99980
551. 50 0. 85084 0. 85395 0. 85339 0. 85755
954, 48 . 98823 .98722 .98731 . 98657
20 1155. 98 . 99708 . 99647 . 99658 . 99582
1357. 47 . 99931 . 99906 . 99912 . 99867
1558. 97 . 99984 . 99976 . 99980 . 99958
1760. 47 . 99996 . 99995 . 99997 . 99988
540. 79 0. 85000 0. 85113 0. 85106 0. 85168
922. 36 . 98880 . 98458 . 98847 . 98836
10 1113.15 .99734 .99714 .99715 . 99703
1303. 39 . 99940 . 99933 . 99934 . 99927
1494.73 . 99987 . 99986 . 99987 . 99984
1685. 51 . 99997 . 99999 . 99999 . 99998
537.12 0. 84971 0. 84974 0. 84974 0. 84974
911. 36 . 98900 . 98902 . 98902 . 98902
1 1098. 48 . 99742 . 99745 . 99745 . 99745
1285. 60 . 99943 . 99945 . 99945 . 99945
1472.72 . 99988 . 99990 . 99990 . 99990
1659. 84 . 99998 . 99999 . 99999 . 99999

aWeights are equally spaced.

bOne half of the weights are equal to a constant while the other half are equal to
another constant.

CAll of the weights except one are equal.
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TABLE VII. - MEAN OF WEIGHTS, 50; NUMBER OF WEIGHTS, 8

Standard
deviation
of weights

25

20

10

Basic
weight

of

623.
1070,
1294,
1518,
1741,
1965,

615,
1046.
1261.
1477,
1692,
1907,

603.
1011.
1215,
1419.
1623.
18217,

600.
1000.
1200.
1400.
1600.
1800.

X

61
82
42
03
64
25

41
22
63
03
44
85

96
88
84
80
6
73

03
12
16
20
24
28

0.

G(x)

85038

. 98854
. 99722
. 99936
. 99986
. 99997

. 84982

. 98893
. 99739
. 99942
. 99988
. 99997

84905

. 98947
. 99763
. 99950
. 99990
. 99998

. 84880

. 98966
. 99771
. 99953
. 99991
. 99998

aWeights are equally spaced.

(a)

Spacing of weights

F(x)

. 85381
. 98732
. 99651
. 99907
. 99976
. 99995

. 85266
. 98792
. 99682
. 99919
. 99980
. 99996

. 85009
. 98912
. 99743
. 99943
. 99988
. 99998

. 84882
. 98967
. 99772
. 99953
. 99992
. 99999

I I
(b) (c)
F(x) F)

0. 85361 0. 86023
. 98726 . 98602
. 99654 . 99536
.99910 . 99842
. 99978 . 99945
. 99995 . 99981

0. 85262 0. 85645
.98788 .98716
. 99683 .99612
. 99921 . 99880
. 99981 . 99963
. 99996 . 99989

0. 85009 0. 85067
.98911 . 98900
. 99743 . 99732
. 99943 . 99937
. 99989 . 99986
. 99998 . 99997

0. 84882 0. 84882
. 98967 .98967
. 99772 .9971171
. 99953 . 99953
. 99992 . 99992
. 99999 . 99999

bOne half of the weights are equal to a constant while the other half are equal to

another constant.

CAll of the weights except one are equal.
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TABLE VIIO. - MEAN OF WEIGHTS, 50; NUMBER OF WEIGHTS, 9

dWeights are equally Spaced.

Spacing of weights
Standard Basic
deviation weight é) (I;) }ICI)
of weights of x
G(x) F(x) F(x) F(x)

687,17 0. 84951 0. 85268 . 85188 . 85933

1161, 51 . 98915 . 98793 . 98807 . 98649

95 1398. 68 . 99749 . 99682 . 99696 . 99561

1635. 85 . 99945 . 99918 . 99925 . 99853

f 1873. 02 . 99989 . 99979 . 99982 . 99949

2110.19 . 99998 . 99995 . 99996 . 99982

6'18. 47 0. 84900 0. 85162 . 85119 . 85556

1135, 41 . 98952 . 98851 . 98858 . 98766

20 1363. 90 . 99765 .99710 .99718 . 99637

1592, 37 . 99951 . 99929 . 99933 . 99890

1820. 84 . 99990 . 99983 . 99985 . 99966

2049. 31 . 99998 . 99996 . 99996 . 99989

666. 33 0. 84830 0. 84925 . 84919 . 84986

1099, 00 . 99004 . 98967 . 98969 . 98954

10 1315. 33 . 99786 . 99767 . 99768 . 99755

1531. 67 . 99957 . 99950 . 99951 . 99945

1748. 00 . 99992 . 99989 . 99990 . 99987

1964. 33 . 99998 . 99997 . 99998 . 99997

662, 17 0. 84807 0.84808 . 84808 . 84808

1086, 52 . 99021 . 99021 . 99021 . 99021

1 1298. 70 .99793 .99793 .99793 .99793

1510. 87 . 99960 . 99959 . 99959 . 99959

1723, 05 . 99993 . 99992 . 99992 . 99992

1935, 22 . 99999 . 99998 . 99998 . 99998

bOne half of the weights are equal to a constant while the other half are equal to
another constant.

CAll of the weights except one are equal.
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TABLE IX. - MEAN OF WEIGHTS, 50; NUMBER OF WEIGHTS, 10

Spacing of weights
Standard Basic
deviation weight I I I
of weights of x (2) () ~ (0)
G(x) F(x) F(x) F(x)
750. 00 0. 84880 0. 85174 0. 85151 0. 85858
1250. 00 . 98966 . 98847 . 98843 . 98690
95 1500. 00 .99771 . 99704 . 99710 . 99582
1750. 00 . 99953 . 99927 . 99930 . 99862
2000. 00 . 99991 . 99982 . 99983 . 99952
2250. 00 . 99998 . 99995 . 99995 . 99983
740, 83 0. 84833 0. 85076 0. 85069 0. 85482
1222, 50 . 99002 .98902 . 98900 . 99809
20 1463. 33 . 99785 .99734 . 99735 . 99658
1704. 16 . 99957 . 99937 . 99938 . 99898
1944, 99 . 99992 . 99985 . 99985 . 99968
2185, 82 . 99998 . 99995 . 99996 . 99989
728. 04 0. 84769 0. 84857 0. 8485%7 0. 84920
1184. 10 . 99052 . 99015 . 99015 . 99000
10 1412, 14 . 99805 . 99786 .99786 .997174
1640. 18 . 99963 . 99955 . 99956 . 99950
1868. 21 . 99993 . 99990 . 99990 . 99988
2096. 25 . 99999 . 99997 . 99997 . 99996
723. 65 0.84748 0.84748 0.84748 0.84748
1170.95 . 99069 . 99067 . 99067 . 99067
1 1394. 60 . 99812 . 99810 .99810 . 99810
1618. 26 . 99965 .99964 . 99964 . 99964
1841. 90 . 99994 . 99992 . 99992 . 99992
2065. 56 . 99999 . 99997 . 99997 . 99997

aWeights are equally spaced.

bOne half of the weights are equal to a constant while the other half are equal to
another constant.

CAll of the weights except one are equal.

25




another constant,
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TABLE X.- MEAN OF WEIGHTS, 50; NUMBER OF WEIGHTS, 11

Standard
deviation
of weights

25

20

10

Basic
weight

of

812

1336.
1598,
1861.
2123.
2385.

802,
1307.
1560.
1812.
2065.
2318,

789.
1267.
1506.
1745.
1984,
2224,

784.
1253.
1488.
1722.
1957,
2191,

X

.20
61
81
01
21
42

59
76
35
93
52
11

17
50
67
83
99
16

57
70
27
84
41
97

G(x) 7

0.84820
. 99011
. 99789
. 99958
. 99992
. 99999

0.84777

. 99045
. 99803
. 99962
. 99993
. 99999

0.84718
. 99093
. 99821
. 99968
. 99995

. 99999

0.84698
. 99110
. 99827
. 99969
. 99995
. 99999

aWeights are equally spaced.
bOne half of the weights are equal to a constant while the other half are equal to

I
(a)

CAll of the weights except one are equal.

Spacing of weights

F(x)

0. 85096
. 98894
. 99729
. 99935
. 99984
. 99995

0. 85004

. 98948
. 99754
. 99944
. 99986
. 99996

0. 84800

. 99058
. 99803
. 99960
. 99991
. 99997

0.84698

. 99108
. 99826
. 99967
. 99993
. 99997

IT
(b)

F)

. 85031
. 98906
. 99740
. 99940
. 99986
. 99996

. 84970
. 98955
. 99760
. 99947
. 99988
. 99996

. 84795
. 99059
. 99804
. 99961
. 99991
. 99997

. 84698
. 99108
. 99826
. 99967
. 99993
. 99997

Il
(c)

Fx)

0.85795
. 98727
. 99601
. 99870
. 99955
. 99984

0. 85420
. 98848
. 99676
. 99905
. 99971
. 99990

0. 84865
. 99041
. 99790
. 99955
. 99989
. 99996

0.84698
. 99108
. 99826
. 99967
. 99993
. 99997 _J




W

TABLE XI. - MEAN OF WEIGHTS, 50; NUMBER OF WEIGHTS, 20

Standard
deviation
of weights

25

20

10

Basic
weight
of x

1353

1340.
2021,
2362.
2702.
3043.
3384,

1322.

1967

2897

.55
2060.
2414.
2767,
3121.
3474.

66
21
(N
32
87

59
76
35
94
53
11

49

.47
2289.
2612.
2934.
3257.

1316.
1948.
2265,
2581.
.75
3214.

96
45
94
43

29
87
16
45

04

Spacing of weights

I II I1I
(@) (b) (c)

G(x) F(x) F(x) F)
0.84538 0.84715 0. 84693 0.85476
. 99254 . 99160 . 99162 . 98934
. 99877 . 99841 . 99844 . 99702
. 99982 . 99972 . 99974 . 99913
. 99998 . 99996 . 99996 . 99974
. 99999 . 99999 . 99999 . 99992
0.84512 0.84657 0. 84647 0.85112
. 99280 . 99203 . 99203 . 99065
. 99884 . 99856 . 99858 .99773
. 99984 . 999717 . 99977 . 99943
. 99998 . 99997 . 99997 . 99985
. 99999 . 99999 . 99999 . 99996
0.84476 0.84529 0.84528 0. 84600
. 99316 . 99289 . 99289 . 99265
. 99896 . 99886 . 99886 . 99873
. 99986 . 99984 . 99984 . 99980
. 99998 . 99998 . 99998 . 99997
. 99999 . 99999 . 99999 . 99999
0.84464 0. 84465 0. 84465 0.84465
. 99328 . 99328 . 99328 . 99328
. 99899 . 99899 . 99899 . 99899
. 99987 . 99987 . 99987 . 99987
. 99998 . 99999 . 99999 . 99999
. 99999 . 99999 . 99999

. 99999

aWeights are equally spaced.

bOne half of the weights are equal to a constant while the other half are equal to

another constant.

CAll of the weights except one are equal.
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TABLE XII. - MEAN OF WEIGHTS, 50; NUMBER OF WEIGHTS, 21

Standard
deviation
of weights

25

20

10

Basic
weight
of x

1412.28
2136. 85
2499. 14
2861. 42
3223.71
3585. 99

1399. 00
2097. 00
2446. 00
2795. 00
3144.00
3493. 00

1380. 45
2041. 36
2371. 82
2702. 27
3032.73
3363. 18

1374. 10
2022. 31
2346. 40
2670. 51
2994.61
3318.71

Spacing of weights

(a)

G(x)

0. 84521
.99271
. 99882
. 99983
. 99998
. 99999

0. 84495
. 99296
. 99890
. 99985
. 99998
. 99999

0. 84461
. 99331
. 99900
. 99987
. 99999
. 99999

0. 84450
. 99343
. 99904
. 99988
. 99998
. 99999

aWeights are equally spaced.
bOne half of the weights are equal to a constant while the other half are equal to

another constant.

CAll of the weights except one are equal.
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F(x)

0. 84691
. 99179
. 99848
. 99974
. 99996
. 99999

0. 84635
. 99221
. 99863
. 99978
. 99998
. 99999

0. 84512
. 99305
. 99891
. 99985
. 99998
. 99999

0. 84450
. 99343
. 99904
. 99988
. 99998
. 99999

It
(b)

F(x)

. 84656
. 99187
. 99853
. 99976
. 99996
. 99999

. 84617
. 99226
. 99865
. 99979
. 99997
. 99999

. 84510
. 99305
. 99891
. 99985
. 99998
. 99999

. 84450
. 99343
. 99904
. 99988
. 99999
. 99999

I
(c)
F(x)

0. 85455
. 98949
. 99708
. 99916
. 99975
. 99992

0. 85091
. 99080
. 99779
. 99945
. 99986
. 99996

0. 84583
. 99281
. 99878
. 99981
. 99997
. 99999

0. 84450
. 99343
. 99904
. 99988
. 99999
. 99999




TABLE XIil. - COMPARISON OF WELCH APPROXIMATION E?@Q, G

A-TRUE=,010
X FiX)
. 1,326a ,9000
1,7274 » 9500
— 2,0903 - _,9750
2.5350 19900
3,5689 9990
. A- TRUE=.050
F(X)
___1,3279 —.9007 __
1,7291 19507
2,0948 9757
2,5520 9907
3.,8278 .9995
——-A-TRUE®,100
X F{X)
1,3209 ,9000
1,7166 ,9500
2,0730 19750
2,5070 9900
__3.5020 49990 .
A-TRUE=,200
X F(X)
1,3196 .9000
1,7142 + 9500
22,0692 . ,9750 .
2,5008 ,9900
3,4873 199990
A-TRYE=,300
X FOX)
11,3238 ___.9001 .
1,7219 9501
2,0814 9751
2,5206 ,9901
53,5343 19990
_A-TRUE=,400
X FIX)
11,3444 , 9021
1,7593 ,9521
2,1485 19772
2,6577 .9921
_4,5063 _ ,9999
A~TRUE=,500
X F(X)
1,349 ,9007
1,7687 9509
___2,1568 ___,9759
2,6443 19908
3,8372 19993

WITH TRUE VALUE [F(x)]

Niz 5 N2=20. e
A~| OW=,005 A=-H1GH=,022
G(X) G-~LOW(X) G-HIGH(X)
+ 9000 .8999 .9002
19500 . 9499 , 9502
9750 ....9749 .. _,9751_
9900 9899 ,9901
19990 19990 .9990
A-LOwW=,023 A-HIGH=,103
G(X) G-LOW(X) G-HIGH(X)
L9007 __,9004 __ 9012
.9507 19504 ,9512
V9757 9754 L9764
. 9907 19905 ,9910
.999% ,9995 . 9995
S A= 0W=.048 A~HIGH= 196 _
G(X) G-LOW(X) G-HIGR(X)
,9000 ,B995 ,9002
. 9500 .9495 ,9502
,9750 9746 9752
, 9500 9897 .9901
C.9990  _ 9989  _.999¢c —_
A~ OW=,102 A=H]GH=:354
G(X) G-LOW(X) G-HIGH(X)
,9000 L, 8998 ,8986
. 9500 .9498 .9485
4975049748 _ _,9737 ___
, 9900 9899 9891
,9990 L9990 9987
A-| 0W=,163 A-HIGH=,485
G(X) G-LOW(X) G-HIGH(X)
_a 9000 _._.9007  _,8964 __ _
,9500 ,9507 .9463
19750 19756 19717
,9900 ,9904 ,9876
19990 19998 . 9983
_A-LOW=,233 A-HIGH=,594
G(X) G-LOWIX) G-RIGH(X)
+y9000 » 9024 8944
9500 ,9522 ,9442
19749 ,9768 9700
. 9898 ,9910 ,9864
49979 ,998Q 19976
A-LOwW=,313 A=HIGH=,687
G{X) G-LOW(X) G-HIGH(X)
+9000 9039 , 8931
. 9500 L9549 ,9428
39749 9783 ,968p
19899 9922 ,9853
19989 19994  ,9975

A=TRUEZ+010
X FX)
- 11,3109 18999
1,6981 , 9500
—2¢D444 — 9750
2,4612 9900
—3,4341  -,9994
--- A=TRUE=,(050
X F(X)
—1+3090 —— 8999
1,6947 + 9500
. 2,0403 9751
2,4555 ,9901
-—3,4114 19991
—A=TRYE=,100
X F(X)
--1,312¢ ,9006
1.,6998 ,9507
- 240479 9757
2,4749 ,9907
—316149 (9995
A-TRUE=,200
X F(X)
21,3093 ,9000
1,6952 . 9500
—2+0390 —,975p
2,4521 19900
3,3733 9990
A-TRUE=,300
X F(X)
—1,3158__,9001 .
1,7072 ,9502
2,058 19752
2,4826 ,9902
3,4444 19991
. A-TRUE=,400
X F(X)
1,3383 ,9022
1,7478 ,9523
_2,1277 L9773
2,6207 19921
__4,3423 +9999
. A-TRUE=,500
X F(X)
—.1,3447 ,9008
1,7608 19511
—2,1439__ ,9761
2,623y 9910
53,7841 9993

Low®) GHIGH(XZI

‘Ni=-b N2=30 -

A-LOW=,005 AmH]lGH=4021
G(X) G-LOW(X) G-HIGH(X) -
,9000 ,900Q0 ,9001
19500 19499 19501
—¥9750--—9750 —-,975¢ -—
« 9900 ,9900 19901
,9991 19991 19994
Ae| QW=,025 A=pMIGH=,099
G(X) G-LOWEX) G-HIGH(X)
—19000 — 8995 ——,9002 --——
9500 19498 9502
. 9751 ,974% - ,9753
19901 «9900 .9902
199971 10991 19991
——A-| OW=s,050 Arpg1Gn=.189 —
G(X) G-LOW(X) G-HIGH(X)
,9007 , 9005 ,9005
9507 , 9505 9505
19757 W 3755 19755
9907 19905 19906
- 49995 - -.999Y5 — 9695 - ——
A-L0w=,107 A-HIGH= 343
G(X) G~LOW(X) G-HIGH(X)
. 9000 ,90C3 L8982
19500 9503 L9481
9750 ... 9752 9733 .____
v 9900 19962 ,9888
9990 199915 .9987
A-| OW=,170 A-HIGH=,473
G(X) G-LOWI(X) G-HIGH(X)
~+9000 ._.9012 _,8962 __
.9500 ,9513 L9460
19750 1 97€1 9715
19900 19908 9874
19990 19992 9982
_A-LOW=,242 A-HIGH= 583 _
G(X) G- OW(X) G-H]GH(X)
L9017 L9044 L8961
,9517 ,9545 ,9459
19766 9789 .9715
19915 19930 .9880
9997 ._,9998 __.,9993 ___
A= OW=,323 A~HIGH=,677
G{X) G- 0OW(X) G=-HIGH(X)
,9000 ,9043 8932
+» 9500 19545 19429
29750 ___.97088 ___,9687.. .. __
19900 19925 19855
9990 19995 . ,9976
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TABLE XIIL - COMPARISON OF WELCH APPROXIMATION l:G(x), G ow®) GHIGH(xZI

WITH TRUE VALUE [F(x)] - Continued

e N1l= 2 N2F 2 . ) N1z 3 n2= 3
A-TRUF=.010 A-10W=,000 A-HIGH=,287 4-TRUE=.010 A-L0w=,001  A-HIGH=.,083
X T F(XY T T aIx) G-Low(x) G-HIGHIX) T ¥ TR T 600 6-LoW (XY GHIGHIXY
3.0133  .9071 _ .9700_  .g9gl . _.9423 1.8693  ,9014  ,9000  .8989  .9CB6
6.106n .9605 ,950n  ,9484 ,9R11 2.881p ,95207 7 ,94977 7 ,94877  ,9875°
12,1768 ,9860 ,975n0 . 9738 L9940 4.2342 ,9774 ,9740 ,9741 L9Rp6
29.8306 .9971 ,990n T, 9894 ,9987 TG, 8241 L9933 T L9RGYT T gAg4 ,9931
285.2239  .9993  .999n ,9989 1.0C00 24,167 9998  ,999n  ,9989  ,9994
A-TRUF=,050 A~ o%=,001 A-H]GH=,677 A-TPUF=.050 A= 0W=,006  A-HGH=,321
¥ CF(X) T T GUXY G-LoW(X) G-HIGH(X) ’ X 7T FUIXY T OGIX) G-LOWIXY G-HIGH(X)™
. 2,7R41 9154 9000 ,8905  ,9383 1,8097 L9041,  ,9npn ,8947 L9231
5,373 ,9681 ~ ,9497 L9415 " ,9787 TT2L7471T L9556 ,9507 7 ,9451° L9705 7
10.1778 19896 29747 9687 19927 3.,953q + 9807 19751 19717 19893
23.3928 ,9977 L9897 " ,9862  ,9981 6.2049777.9945777,990917 77,9877 T ,9974
18B.1644 +9992  ,9986 .9979  ,9996 19,7881 19999 19991 ,9987 .9998
_ A-TRUE=,100 A~y 0¥=,003 A-H{GH=,816 A-TRUE=.100 A-y o¥=,012 A-H1GH=.500
X Fix) GXY 6-L04(XY G=-HIGHIXY T X T OF(XY) T GUXY G-LowW(XY G-HIGHTXY"
2,5%21 L9164 L9non L8217 L9135 1,7683 ,9071 L9012 ,8912 L9232
4,6944 96798 L9500 77,9337 T ,9é12 2.6544°  ,9586°  ,9534 L,9419° ",9708
8.3096 LSRR L974R L9625 L9826 3.7974 .9831 197673 9689 ,9895
18.0n83 .9974 ,9K99 L9R24 .9940 5,0465 L9959 19911 ,976P L9972
152.7R7n L9996 ,999n L9974 .9995 28,5031 1.0003 ,999n .9986 .9991
A-TRUF=.200 4-10=.006 A-HIGH=,909 A-TRUF=.200 A-Lp#=.027 A-HIGH=,692
X Fex) GUX) G=LOW(X) G-HIGH{X) X F(x) GIX) G-LO™ (XY G-HIGH(X)
2.2244 L9115 ,9rgn L8667 .8826 1,6466 L9039 ,9nGn ,8826 L9073
33,7797 9622 V990N 9189 9340 2.3727 ,9547 "~ ,94%R 9326 ,9567
6,1959 L5846 L9750 .9500 L962R 3.2187 .9795 9748 L9504 L9801
TH1.642877 09954777 (99 5n T 9735 T, 9824 T T T4 6204 0993277 L,9R9AT TTL9RQNT T L9929 T
55,9752  .9996 ,999n 9946 9973 11.0565 . 9997 ,9980 ,9964 ,9993
A-TRUE=.30C A-1 0%=,011  A-p1Gu=.945 A-TRUF=.300 A-_04=.045  A-HGH=,794
¥ COFUX) T TUGIX T G=LOWIX) G-HIGH(X) X FUX) 7 GIX) G-LOA(XY G-HIGH(X)"
2.076n0 . 9056 900N L8561 . 8645 1,5R10 .90290 ,900n L8781 . 8937
T3, 2649 . 9560 L9509 L, 9RT7STT L9160 T TTT2VIIRT T L9524 TL955n T L9280 L943RT T
5.0347 .9799 ,975n . 9395 .9471 2.9607 .9773 ,975n 9562 ,9699
8.7451 L9930 T,9951 L9653 T,9711 4,1008° .99167 ,990n T ,9766 .9Bé6
38,4552 .9995 ,9992 ,9923 .9944 8.4680 .99%4 ,999n ,9948 ,9982
A-TPUF=, 400 A-_0¥=,016 A-HGH=,964 A-TRUF=.400 A-_o%=,069 A-H{GH=.857
A S TFIXYTTT GIXY GRLOWTXY G-RIGHTX)™ T X T UFRY T 6 (X)) TGO TX)Y GEHIGHIXT
1,9193 .9015 ,8991 L8494 L8831 1,5451 .9005 .9n0n ,8767 BE42
3.00172 T 9516 © 5491 L9401 T T.9039° T2.1%66° T L9506 9498 T L9267 0 L9339
4.47753 5763 ,97472 19323 .9358 2.8208 .9756 ,9744 .9544 L9613
7.375%A . 9908 VIRGT L9588 TT,9617 3,831 ° 9904 T T9RIRT ,9750 © ,9803"
25,3605 .9991 .9687 L9ATR ,9892 7.4729 L9991 .9987 .9937 L9959
A-TRUF=.500 b-0¥=.024 A-H{GH=,976 A-TRUE=.50G A=L0¥=,100 A-H1GH=,900
X FixX} GOXY BILOYIXY GHIGH{X) ¥ TOFIX) T T GUX)Y G-LoWIXY G-HIGH(X)
1,8R56 L9090 ,90nn L8494 ,8494 1.5337 .90n0 y9000 .8786 ,8786
2.9200 + 9500 955 L899RT T, 8904 2.13197 .9500 T, 95047 T.9283° ,9283
4.3n27 .975n 9750 ,9319 19219 2.7765 .9750 19750 19563 .9563
TTELU63G L9900 T T, 9%RT T L9584 L9884 T T3, 746R T TIG9T0 TTTVI9GRT T V97657 L9765
22.3327 .9989 ,999n L9877 .9877 7.1742 L9990 9990 .9946 ,9946
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TABLE XTI, ~ COMPARISON OF WELCH AJ?PFK)XINU\TFDN’E%@O,

A-TeyfFs. 0%y

3:.3295  .599%

WITH TRUE VALUE [F(x)] - Continued

_ bz 4 2= 4 L
A-TRYUF=.010 A-L0+=.002 A-HIGH=.,052
X F(X) GiX)Y G-LOA(Y) g-HIGHIX)
1.63%67 L5013 L9rgR . 9101 L9744
2.357r . 9518 9508 . 9501 9547
5.1994 «9768 9759 ,9752  ,9784
T 4,6419 T .991R 99577 7,9904 .9923
13.72809 . 9998 .9794 ,6993 .9995

A-| 072,310  A-H[GH=.221

¥ Fex) GIXY G-LO~(Y) G-HIGH{X)
1,5964 9017, 97pn 896% 9117
2.265n L5527 ,95%,n L9466 L9611
3.018n 9775 ,975n 9723 L9835
4.2?267 5927 L9501 L9883 19950
3.4220 L5957 . 9991 .9084 . 9998
A-Toyr=,100 A-_0+=.020 A-HyGH=.375
v Fex) 7 GlxY G104 (X)) G-RIGH(X)
1,561% LInns L8931 L8717 L9117
2.1°90% L9509 9481 L9417 L9611
2.A8F17 JG7R” RAT] L9470 .9A3n
3,9474 .99¢% 97 R RCEYYS .9537
7.8067% L999¢ .90/ L9967 L9974
A-TERUF=.200 A-_@v=,044 A~H|GH=.574
¥ FX) GUX)Y G-LOs(Y) G-HIGHX)
1.506" L9119 L8981 . 8173 L9062
2.076n .55p2¢ L9444 ,9373 9860
2.6770 L9774 L9731 L9A30 ,9794
3.5¢657 L5919 W97 T ,9R1P T ,9919°
65.5945 . 9995 ,99/1 . 9054 .9977
A-TryF=,30C A- 5 =.074 A~H{GH=.698
¥ F(x) GUX) G-LO (Y)Y G-HIGH(X)
1,4685 L9n1n ,97nn ,8R69 ,9C01
2,000% TTNUS5I7TT TL,9% 0 L9367 TTR9EDL T
2.545n0 G762 9751 LR 9751
3.3184 991 L9 L951R ,9900
5.747% L9993 . 9990 9965 .999n
A-THUF=,400 A-L0=.110 A-H{GH=,782
X TOFIX) GOXY G=LOY{X) G-HIGHIX)
1,4460 L9003 LJR79% L 861 ,8927
1,987 9503 9457 .9358 T.9426
2.479R .9752 6743 LOA2F .9686
3.1F51 . 9907 9163 L9809 ,9853
. 5.3737 . 9991 99873 ,9958 .9973
A-TRUF=.500 A-_0"=.156  A-HIGH=.,644
X FX) Gix) G-LO"(X) G-HIGH(X)
1,4398 , 9008 L9mun .889n , 8890
1.943> L9500 A .9387 T.9287
2.4504 9751 19751 .9654 .9654
A% V%91 T 99447 U9R32 T,98327

19991 ,9972  .9972

A=TRUE=.J10

X Flx)
1e5274 «90u3
T2.1198 T TTI95u4
247549 <8754
347001 «99u4
7.0321 «9992
A=TRUE=,150

x Fix)
1.5055 .9010
2.,0750 «9513
26755 « 9704
545575 .9912
05245

A=TRUE=.100
X

Fla)
1.4814 +9ul3
240277 «9514
2.5901 «9709
3.4001 «9910
o« 1345 «9995
A=TRUE=.200
A Fix)
Leblod .Sull
1.9502 «9b14
24504 9765
3.1637 «9912
5.2716 « 9994
A=TRUE=. 200
X ’ FixX)
L4171 «9uub
1.6969 <9506
243718 <9700
3.01u5 «9Yub
4.8217 « 9992
A=TRUE=.40U
X FOa
1.4613 «90uv2
1.8692 .95¢02
23234 Y753

209274 T L930e
4.6400 5991

A=TRUE=.000

X Fix)
1+3%08 .9000
1.85967 L9500
23000 « 975y
2.8905 93900
45012

.9994

<9990

N1Z 5 Ne= 5

A=LU=a00R2

HIGH ("ZI

A~HIGH=,040

GIX) G=LOV(IX) G=HIGH(X)

-9u00 . 8595 2020
L9500 L9495 T L unpp T
L9750 L9746 V9766
w9900 <9897 7910
L9990 .9939 . 2992
A=10.=,013  A-HIGH=.178
e LA TG=L0V (X)) G=HIGH(X)
.9000 L8975 L2071
L9500 L9476 .2569
.9750 . 9730 L9805
L9950 .9687 L9934
. 9990 .9987 .9996

A=LOuwZ . U26

A=HIGH=,314

Glx) u=LOw{X) G-YIGH(X)

«90Lul .3955% . 3090
«95u1 £9455 » 9590
.9751 £9713 .22

T .99yl $O9BTS T T 09l T
<9991 +9955 . 9598

A=LOu=e 057

A=HIGH=,507

GlA) G=LOW(X) C=IGHIX)

«9ut0 <8925 <2065
«950u JOuzy 565 T
« 9700 . 3685 .7803
<994y « 9655 <7923
« 99439 9976 «939¢

A=LO.= 098

A-HIG'=.638

GUAY o=l 0w (KT T5=HIgH IX)

«90U0 .5912 .7015
9500 9409 «9515
« 9750 9671 762
<9900 «Ihuy 7908
«9ud9 «9973 .9991

A=Lu. =.149

A=HIGH=,733

GIA) G=LOW(X) G-=TIGHIX)

«3V00 <3915 1968
+ 9500 Gh12 R4
«9750 <0674 D723

TTL9900° TTL 9646 T TL.T0681T T

<9990

A-tLo4=. 196

9974

<2985

A=HIGHZ .04

6la) u=LO0W(X) G=HICH(X)

«9UULD <3934 « 093G

T T.8500° »9432 T L3 T T
« 9750 .9691 29691
«9%500 .9858 «7858°
«9969 «9977 9977
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TABLE XII. - COMPARISON OF WELCH APPROXIMATION ['_é(x), G ow® GHIGH(x-_)—]

A-TRUE=,010

X
1,3809
1,8290

_2,2554 .
2,8099
4,2662

A-TRUYyE=,
X

.1,3727
1,8135
2.2298
2,7666
4,1515

_ A-TRUE=,
X

1,3636
1,7963
2,201,
2,7191
~4,0276_

A-TRUE=,
X
1,3489
1,7685
-2,1565
2,6438
3,8360

A'TRUE='
X
41,3386 _
1,7492
2,5923
3,708%

_ _A-TRyUE=,
X
1,3324
1,7378
2,1070
2,5623
3,6482

A-TRUE®,
X
1,3304
1,7341
_2,1009
2,5524
3,6107

32

FIX)
,9000
19501
9751
9901
. 9990

050
F(X)
,9002
19502
19753
19902
19991

100

F(X)
,9002
19503

v 97u4
-9503
19991

200
FX)
9002
19503
19753
+9903

300
F{X)
9001
9502
9752
19902
19991

400

F{X)
. 9000
. 9500
9750
.9900

. 9990,

500
F(X)
,9000
,9500
19750

,9900

19990

WITH TRUE VALUE [F(x)] - Continued

N1=10 N2310 -

A~ 0Wz,004 A=HIGH=.024
G(X) G~LOW(X) G-HIGH(X)
. 9000 18994 .9004
19500 . 9498 , 9505
9750 19748 ___,9754 .
., 9900 L9897 9903
.9990 09995 L9991

A-{ 0W=,023 A~HyGH=.114
G(X) G-LOW(X)Y G-HIGH(X)
, 9000 L8991 9017
9500 . 9491 ,9518
19750 19747 , 9765
9900 9895 9910
: 9990 ,9989 ,9992

A=  OW=1044  A=H{GH=.213 .
G(X) G-LOWIX) GHIGH(X)
,9000 ,A984 ,9025
9500 194814 9526
+9750 19736 .9772
9900 19893 V9915
19990 19987 . ,9993

A-{ OW=,093 A~H]GH=,379
GIX) G-LOWEX) G-HIGK(X)
, 9000 ,B97% .9025
+ 9500 9474 » 9525
L9750 9728 9772
9900 o884 ,9915%
19990 19985 :9993

A-L.OW=,149 A~HIGH=.511
GUX) G-l OW(X) G-HIGH(X)
. 9000 L8973 0 ,9013
9500 ,9472 ,9514
19753 9726 9762
9900 19863 .9908
.9990 .9985 ,9992

A-|0VW=,215 A~HIGH=,619
G(X) G-LOW(X) G-HIGH(X?
+ 9000 8977 L8999
. 950G .9475 ,9499
9750 9729 9749
L9900 L9885 ,989%99
2990 ,99856 ,9990

A= OW=,291 A~HIGH=,709
GIX) G-LOWIX) G~-HI{GH{X)
.9000 ,B8986 ,898¢
19500 19485 9485
«9750__ .9757 9737
19900 1989 19891
19990 5988 ,9988

A~TRUE®,
X
1,3437
1.7589
—2v1408—-
2,6179
3.7713

A-TRUE=,

X
~1,3387
1,7496
2,1268
2,5955
- 3,7316

— -A=TRUE=,
X
1,3332
1,7392
2,109
2,5658
=3, 6433 - -

A-TRyE=,
X

1,324
1,7223
~2.,0822 _
2,5218
3,5372

A-TRUE=,
X

—1.3176—
1.7105
2,0641
2,4932
3.4824

_ A-TRUE=,
X

1,3138
1,7935
. 2,0521
2,473
32,4222

A-TRUE=,

X
- 41,3125
1,701
2,0484 __
2,4672
3,4084

- -N1=45 -N2=45.- —

010 A-~[.OW=,005 A=HIGH=,020--
F(X) G(X) G=LOW(X) G-HIGH(X?
" +%000 9000 v 8999 - ., 9002——
9500 19500 19499 19502
19750 +9750— -49749——, 0752
9900 9900 . 7899 9901
.9990 «9990 9990 - ,999p-
050 A~ OW=,02% A-HIGH= 096
F(X) G(X) G-LOW(X) G-HIGH(X)
,900% - ,9000 - --,8995—~,9008—-
+ 9501 9500 9495 9509
.9751 09749 9745 19757~
9901 19899 9898 9904
19991 19969 10989 - ,9994—
100 - A-{LOW",052 . . A=41Gn=.183_
F{X) GIX) G-LOWIX) G-HIGH{X)
+9001 , 9000 .8991 - ,9013 -
+9501 +9500 10491 19513
19751 +9750 8742 19761
9901 9900 , 9895 9908
19991 - - 49990 -- 9P, 009 —
200 A~ OWs,110 A=H]GH=z (336
F(X) G(X) G-LCW(X) G-HIGH(X)
+9001 ,9000 8987 . ,9013 .
9501 19200 9488 9514
9751 29750 _.9733__.,9762 —_
9901 , 9900 9892 9908
+9994 9990 19983 19992 .
300 A-L0W=,175 A-HIGH=.464 .
F(X) G(X) G=LOW(X) G-HIGH(X)
¢9000-- - +9000—-..8986 9008 _
9501 19500 9486 + 9509
19751 19750 9738 29758
9901 9900 9891 +9906
19991 9990 19983 19992
400 . A-LQW=,248 A~HIGH=,574_
F({X) G(X) GrLOW(X) G-HIGH(X)
.,9000 ,9000 L8989 9001 __.
.9500 .9500 9488 19501
9750 9750 9740 . .9751 __
29900 9900 198938 9901
29990 9990 .9983 29990
500 A-LQW=,331 A=HIGH=.669
F(X) G(X) G-LOW(X) G-HIGH(X)
.9000 ,9000 B994_ 8994
+9500 9500 9494 19494

9750 _,9750__.9744____,9744____
+9900 +9900 19898 19896
19990 19990 L9989, 9989



TABLE XIII, - COMPARISON OF WELCH APPROXIMATION E}(x), GLOW(X), GHIGH(XE]

WITH TRUE VALUE [F(x)] - Continued

~N1=20 N2=20 —

- A~TRUE=,010 A-LQW=,006 A-HIGH=.017
X FEX) G{X) G=LOW(X) G-HIGH(X)
~1,3268 . _,9000 __,9000. .,89%99. .,9001
1,7274 19500 » 9500 09499 . 9501
_2,0925___ ,9751___ ,9754__._.9751 9752
2,5404 19901 + 9901 19901 9902
_3.6169 19991 . 9991 19991 19991 .

. A-TRUE=,050 A-LOW=,029 A-H]GH=,085__
X F(X) G(X) G=LOWIX) G-HIGH(X)
~1.3232_____9000__ 5000 __,8Y97 __ 9005
1,7208  ,9500 .9500 +9497  ,9505
—2,0797 —., 1 9750 . .97%7 . ,9754 __
215177 8830 8350 Tioked 13885
_3,5275 _.9990 _«9990 . ..9990 9991 _

__A-TRUEZ,100 _ A~  OW=,060 _A-~H]GH=,163 _

X F(X) G(X) G=LOW(X) G-HIGH(X)
_1.3192  ,9000 -_,9000. ,8995_ 9007
1,7133 9501 9500 ,9494 . 9508

_2.0678 . ,9751 __.974% ,9744 . 9755 _
2,4985 ,9901 ,9899 .9896 ,9903

3.4820 __,9990 __.9989 29988 __..9990

_ A-TRUE®,200  A=|OW=,125  A-H]GH=,305

X F(X) GIX) G~LOWIX) G-HIGH(X)
_1,3126 _ _,9000 _,9000 ,8992 ,9008
1,7013 19500 +9500 ,9492 ,9508
_2.0507___,9752 _ ,9750 _ ,9743__ ,9757 _
2,4723 19902 9900 .9895 .9905
_3.,4517 :9991 19990 19989 ,9991
__ A-TRYE=,300 A-LOW=,196  A~HIGH=,429 _
X F(X) G(X) G-LOW(X) G-HIGH(X)
~1,3079 __,9000___,9000___,B992___.9005___
1,6927 19500 19500 ,9491 9506
_2,0372 . ,9751 . ,975% 19744 .9756
2,4504 19901 . 9901 9896 .9905
_3,3996 19991 19991 19990 19992
A-TRUE®,400 A-LOW=,275  A~HIGH=.539
X FOX) GIX) G=LOW(X) G-HIGH(X)
1,3052 8999 + 9000 . 8994 .9001
T1,6876 ,9500 19500 . 9493 ,9501
2,027% ,9750 +9750 9744 ,9751
72,4328 0 ,9900 19900 9895 .9900

3,3289 _ ,99%0 _,9990 .,9988 9990

A-TRUE=,500 A-|OW=,363  A~HIGH=z,637
TX T RX)Y T GUX) G-LOWIX) G-HIGH(XY
~1,3042 +8999  ,9000_ .8997  ,8997
1,6860 19500 19500 19497 19497
_2,0244____,9750__ 49750 __ ,9747 ___,9747
2,4286 +9900 19900 19898 .9898
3,3193  ,9990  .9990 _.9989  ,9689

- —N1=30--N2730 — - ——

—AsTRUE=,010 A~,0W=,006 ArHIGH=,016.—
X F(X) 6(X) G-LOW{X) G-HIGH(X)
—1,3108 -.,8999 —-+9000 --.9000 --,9001 —
1,698Q 9500 9500 19500 19501
~—2+0435——9750— 49750 —9749 — , 9759 ——
2,4592 .9900 19900 19899 . 9900
—3,3898 -~ 9990--— 9990 -.9989 .——,999g- —

—-A=TRUER,050 --A-|.OW3,032 . A=H[GH=.076 .
X F(X) G(X) G=LOW(X) G-HIGH{X)
—13085——8999 ——, 5000 —-8998———9002—
1,6938  ,9500 ,9500 ,9498  ,9502
—2,0368 —49750 -,9750 ~9748 --,975p .-
2,4485  ,9900 ,9900  .9499  ,9902
—3;3654 ---,9990 - (9990 —.9990 —,999g

— A=TRUE=,100 . — A=|.OW%,066 _A=H]GH=.149_

X FIX) G(X) G-LOW(X) G-HIGH(X)
—1,3060 --,8999 ,8983 LB983 - _, 8986
11,6891 ,9500 ,9483 9483 ,9487

—2,0302 9751 -.9732 19729 -,9735 -

2,4384  ,9901  ,9882 9883  ,98R4
_3,3534 — 9997 —_, 9972 — .9972 — 0973

- A-TRYE=,200 A= OW=,137  A=H]GH=,282
X

F(X) G(X) G=lLOW(X) G-HIGH(X)
~-4.3017 v 8999 29000 8996 --.9004
1.,6814 19500 . 9500 19496 19505
—2.,0172 29750 29750 ._.97485 __,9754____
2,4170 9900 19900 19897 19903
.3.2927 19990 29990 9989 . ,9994
- A-TRUE=,300 A~ 0W=,214 A=HIGH=,4p2.
X F(X) G(X) G~LOW(X) G-HIGH(X)
_ 41,2987 ___ ,B999___ ,9000 8995 9003
1,6759 + 9500 v 9500 19496 19503
..2.0106 19751 19753 v 9747 _,9754
2,4078 + 9901 19901 . 9898 ,9903
.2129%2  _.9991 L9991 19990 299%2 .
A-TRUE=,400 . A-[ OW=,298  A~HIGH=,512
X F(X) G(X) G-LOW(X) G-HIGH{X)
~1,2969 L8999 ,9000 __,8997 __,9001 ...
1,6726 9500 9500 .9497 9501
~2,0054 .. ,9751 29751 . ,9748 _ 9752

2,3995 . 9904 , 9901 ,989% .9901
_3.2802 £ 9991 L9991 __.9990____.9991

_.A-TRUE=,500 A-L0OW=,389  a-HIGH=.611_
X F(X) G(X) G-LOW(X) GeHIGH(X)
—1,2963 .. ,8999 _, 9000 L8999 __ 8999 ___
1,6716 . 9500 , 9500 19499 19499
~2.0047 ___,9750 ..9750 - _..9749 ._.9749
2,3924 19900 ¢+ 9900 9899 9899
~3,2368_._.,9990 19990 .9990 . ,9990 ..



TABLE XIII. - COMPARISON OF WELCH APPROXIMATION I:G(x), GLOW(x), GHIGH(xﬂ

WITH TRUE VALUE [F(x)] - Continued

— N1sSQ__N2E50 . .. J— R - _N1Z 6 N2z 2
A= TRUE-.MO A~ 0OW=,007  A-HIGH=.044.. A=TRUE=4Q10 A-LOW=.000 _ A-HIGHZ.2e6
FiX) GIX) G-~LOW(X) G-HIGH(X) X F(x) G(X) G=LOW(X) G=-HIGH(X)
_1, 2987__..3999 9000 ,9000 .9000. _3.0130_ __.9085____+9000_ __ +8960 _ <9608,
1.6759 9499 19500 19500 19500 641052 +9633 29500 .9484 «9912
_2,0094 9750__ .9749__ .9749___ 9750 1241245 ,9902_ _«9750_ _.9738 «99R8p __ _
2.,4051 9900 '9899 19899 . 9899 29.8228 9995 «3900 +9893 »9998
_3,2765 .9990. .9989. ,9989 _ ,9989 .. 365.6413 1.0000_ 9991 _ ,9990__1.000g
- A-TRUE=,050 A~ OW=,036 A-MIGH=,069 - . A=TRUE=.050 = _A-LOW=,001 A=HIGH=.751 .
X F(X) (X) G-LOW(X) G-HIGH(X) X FiX) G(X) GmLOW(X) G=-HIGH{X)
974 _8999___. ,9000__ ,8999___ ,9001 _ 2.77B3__ _.9216___+9000_ 8902 _ +9R31___
. 1,6735 .9500 +9500 9499 L9501 5+3696 «9773 + 9497 9412 .99a8
_2,0048  .9750. . 49750 ..9749 .. .9751 . .. 10,1310 .9967___ +9747 9685 _ .9998
2,3972 ,9900 9900 (9899 9901 233322 9999 +9897  .9861 »9998
3.,2477 .9990 .. +9990.. 9990 ..999¢ 193.6779 1.0000  +9984 9977 +999¢
__A-TRUEZ 100 __ A~ OWS:073 = ArHjGHz.136 ; A-TRuE--loo A-LOW=Z.002 A-HIGH=.RBpY
X F(X) G(X) G~LOW(X) G-HIGH{X) F(X) G(X) G~LOW(X) G=HIGH(X)
1,2959 . ,8999 ,9000 LA999 ,9002 __ 2. ‘:316 49265 +9000 8806 __ <9776 ___
1,6708 9500 . 9500 19499 , 9502 446350 .9605 .9497  ,9324 +9980n
2.0005 ..9750 ;9750 /9749 . ,9752 8+2856  +9973 +9748 .9618 «9957
2,3904 .9900 .9900 19899 .9901 17.6370 .9999 +9R98 +9819 «999a
33,2322 ,9990___,9990__ ,99903__ .9990._. 128.2795 1.0000 . +9988 +9973 +999g
A-TRUE=,200 A-[ OW=3,150  A-H]GH=.,261 A= TRUE—thO _A-LOW=.004  A-HIGH=.035 _
X F(X) G{X) G=LOW(X) G-HIGH(X) F(X) G(X) G=LOW(X) G=HIGH(X)
1,2934 ,B999 ,9000 ,8998 ,9002 2.1450 . 9257 «9000 .8627 « 9612
1,6663 ,9500 .9500 ,9498 ,9502 3.6038 .9781 .9500 «9147 «993¢
1,9934 ,9750 1 9750 49748 ,9752 ~ 5.78u47 +3958 +9749 9462 9992
2,3792 ,9900 ,9900 19898 .9901 105909 .3998 +9899 +9705 <9999
3.2072  ,9990  .9990  .9989  .9990 _53.2457 1.0000  .9989  .9938 1.0000
A-TRUE*,300 A~ 0W=s,233  A~H]GH=,377. _A=TRUE=+300 A-LOW=,007  A-HIGHZ.9p1
X FIX) G(X) G=LOW(X) G-HIGH(X) X FX) G(X) G-LOW(X) G=HIGH(X)
_$.,29172._ _,8997 9000 L8998_  ,9002___ 19287 9225 _«9022  .8492 9462
1,6634 ,9499 ,9500 ,9498 .9502 3.0302 9744 +9522 +9000 «9867
01,9884 ,9750 ,9750 ,9748 L9751 _ Be5B40 _ +9939 9771 <9330 _ 9975 __
2,3713 ,9900 ,9900 L9899 ,9901 7.9220 . 9995 «9919 .9611 «9993
3,1895 ,9990 ,9990 19990 ,9999 49.7630 1.0000 +9998 9940 1.0000
A-TRUE=,400 _ A- LON-_}»ZL A-HIGH=,485 A=TRUE=+400 A-LOW=.01p A~HIGH=«9T7Yy
X F(X)  G(X) G=LOW(X) G-HIGH(X) X F(X) 6(X) G~LOW(X) G=HIGH(X)
_1,2906 L8991 ,9000 .8999  ,9001 _ 1.7187____.9137 «9000_ 8344 ___ 9282 _
1,6633 ,9498 ,9502 ,9501 ,9503 2.5322 . 9657 9497 .8824 9747
1,9893 .9751 9752 19751 ,9753 345240 .9882 9747 «9140  +9920
T2,3750 ,9902 . 9902 ,9901 .9903 5.2460 »9977 + 9897 9417 «9982
_3.,2479 _ ,9992 ,9992 _ ,9992  .9992 13.3214  1.0000  +9987 v9771 +9997
A-TRUES,500 A-LOW=,414 A-H]GH=.586 A~ TRQE-.soo _ A=LOW=.017 A-HIGH=.983 __
TOX FiX) G(X) G-LOW(X) G-HIGHIX) F X G(X) G=LOoW(X) G=HIGH(X)
1,2903  ,8986 ,9000 ,9000 .9000 1. 5945 .9061 9000 .8248 «9151
T1,6606  ,9494 ,9500 . 9500 .9500 242605 + 9594 +9500 +8708 29642
1,9845  ,9747  ,9750_ .975Q0__ .9750_ _. 340097 .9834__ »9750  _,9013  +9857
2.36?6"”.959§“”.9600 L9900 .9900 44,1968 . 9955 «9900 »9288 +9960
3,1756 ,9990 19990 19999 .9990 848375 +9999 +9990_ L9666  +9999
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TABLE XIII - COMPARISON OF WELCH APPROXIMATION E(x), Gy ow™® GHIGH(XH

A-TPUF=.010
¥ FOX?
1.4716 .9n11
2.0M6% .851,2
2.5%5% .g75%
313395 - Igbys
5.8081 .9991
A-TRUF=.050
Y F(xX)
1,457% 9053
1,977/ T L9544
2.5r90 . 9755
3.2547 . 59045
5.6677 9992
A-TPUF=.100C
Ty TOFX)
1,4454 .90.°
1.9544 L9552
2.466n 9752
3.1765 .99:2
5.31067 9991
A-TRUr=.20u
¥ Fex)
1,441? L7901
1.946n 35,1
2.4%17 .9751
3.1%1n .3951
5.2334 L9997
A-TrRyUF=.300
X Fox)
1,4627 DI
1.5087 L9514
2.5240 - ,G9762
s.2pr2n AR
5.6%34 L9993
A-TRYFr=, 400
Y TR
1.51214 9055
2.00R05 .53545
2.6994 .9792
3,6020 .993n
6.736A L9990
A-TRUF=.50C
X F(xX)
1,594% L9081
2.2653 +9597
3.0207 9636
4,231 7 .99567
9.6r56 .9999

TGIX) G-LOWIX) G-HIGHX)

gnnn ,8974 86972
980N 9474 ,9472
97% 9727 9726
995 ,ORB5 ,9483
,999" .998¢ 99866
4-.07=.058  A-HiGH=.504
GIXY G-LOw(Y) G~HIGH(X)
L9nan .B98? ,8R14
L9500 19481 .920AR
.975° .9734 . 9581
L9Ien L 9775
, 9990 ,9787 .9947
A~ 0+=.095 A-H]GH=.635
G{x) G-Lod(¥Y) G-HIGH(X)
,9n0n ,9re? BE79
LORrn T T,9827 9166
L9750 976" . 9450
9900 9917 L9h6H
19990 19992 . 9894
A-LO"=, 141 A-HIGH'=,730
TIxY GEUOWIYY G-HIGHIXD)
L9750 ,91793 LHBE96
LGN .9509 .9C80
G751 ,9%21 .9272
99,0 , 9943 . 9605
.999n .9997 .9865
A- 02,198 A-H1GH=.802
G(xXY G-LOW(¥) G-HIGH{X)
.910n .,918¢9 L8564
9507 - .967H .9C5%
.9752 9182 9255
W 9307 99727 L9600
9992  1.0C00 .9882

WITH TRUE VALUE [F(x)] - Continued

.12 2 M2z A .
4-L0Y=.002 A-HIGH=.039
6IxY G-L0#(X) G-HIGHIX)
9ngn ,8996 .9r14
,9499 ,949% ,9813
_.»9740 _-9749 9761
9RZ0 989 ,9907
, 9980 .9788 .9990
A=y p"=.013 A-H{GH=,176
GIx) G=-LO0“(X) G-HIGH(X)
.97~ 8983 9023
T, 9%0n T L, 94B8% 77,9823 7
L9751 29757 .9770
+99¢T L9R9? .9914
. 9961 .998° 19693
A- 0#=.027 A-HyGH=.311

. A=TRUEZe«010 .

X F(X)
3.0130 «9087
641051 *+9638

1241242 _ +9908.
29.8218 +«9998

2850695 _1.0000

. A-TRUE=.050

N1=10

N2= 2 _ .

_A=LOW=+000 . A=HIGH=¢377 _

G(X)
«9000
+9500
29750
9900
____+9990

A=LOW=.001

G-L.OW(X) G-HIGH(X)

«8980 9636 . .
9483 «9925
«9738_. 9986 __
+9893 +999a
..29989_.1.0000

A=HIGH=+759 __

X F{X) G(X) G=LOW(X) G~HIGH(X)
27777 «9225 _.9000 _,8902 «9883
5.3676 +3788 » 9499 <9414 +9994

__10e1504___+9977___+9749 __ .9687__ 9999
23+3578 1.0000 «9899 29863 «9999
197.0376 1.0000 «9989 9983 «9999
A-TRUE=+100 A-LOW=.002 A=-HIGH=.869
X F{X) G(X) G=LOW(X) G=HIGH(X)
__ 245294 __ _.9282____+9000 __ 8805 ___9849__
446381 <9827 «9501 « 9327 «9995
843036 <9984 « 9753 .9621 1.0000
17.8046 1.0000 «9903 .9823 1.0000
143.0244 1.0000 9993 .9978 1.0000
_ A=-TRUE=.200 . _A=LOW=.004 __ A=HIGH=.937

X F(X) G(X) G~-LOW(X) G=HIGH(X)
241508 «9281 »9000 «8623 «9713
3.5850 «9809 «9500 « 9142 «9975
57422 «9973 <9750 »9458 +9999

10.4809 +9999 <9900 «9703 1.0000
_ 4644778 _1.0000 9990 __.9934 _1.0000____
A=TRUE=«300 A=LOVY=.007 A=HIGH=+963
X F{X) GI(X) G6=LOW(X) G=HIGH(X)
~l.8856  .9228 «9000 .8461 <9550
29200 «9755 «9500 .8964 «9920
___4.3027 #9947 _+9750 __ .9287 _ _ 9991 ___
649636 «9997 . +9900 +9557 1.0000
23+9768 1.0000 «9991 .9873 1.0000
A=TRUE=+«400 A-LOwW=eQ11 A=HIGH=+976
X F{X) G(X) G-LOW(X) G-HIGH(X)
_ 1.6985 __.9163 __+9000 _ .8326 __ +9389___
244870 «39687 +9500 +8305 «9832
Je4 564 +9907 «9750 _«9120 «9965 _
5.0623 »9988 «9300 +»9399 « 9997
12.7006 1.0000 _ «9990 9763 10000
__A=TRUEZ«500 A=LOW=«016___A-HIGHZ.984 _
X F{X) G(X) G=LOow(X) G=HIGH(X)
_1.5668 _ .9104 9000  .8221  .9247 _
2.2063 « 9624 29502 <8678 +9730
2.9126  +9860 9752 8580 9916
4.0309 «9971 «9903 «9257 «9986
 B+8005 _1.0000 +9992 9663 _1.0000
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TABLE XMI. - COMPARISON OF WELCH APPROXIMATION E;(x), GLOW(x), GHIGH(x]

WITH TRUE VALUE [F(x)] - Continued

N1= 2 N2=10 N1=15 N2= 2
_A-TRUEZ.010 . _A-LOW=,003 . A-yIGH=.033_ . A=TRUEZ«010. . __A-LOW=.QCH__ __A=-HIGH=.381
X F(X) 6(X) G=LOW(X) G=HIGH(X) X F(X) G(X) G=LOW(X) G-HIGH(X)}
1.3410 +9000 «9000 +8998 9006 30130 .9088 «G000 | .8980 . 964y _
1.8292 9500 «9500 9498 «9506 641050 <9640 «9500 « 9483 «9930
242556 «9751 +9750 «9748 «9755 121241 .9912 «9750 «9738 <9587
2.8104 «9900 «9900 « 9898 «99n3 29.8215 9998 «9900 «9893 «9999
_Be3209 _ +9991. _+9990 . _.9990_. 9991 __. 285.0781 1.0000__ 9990 = .9989 1.0000
A-TRUE=+.050 A=LOW=,015% A=HIGH=.150 A-TRUE=.050 A-LOW=.001 _A-HIGH=.762 _
X FXx) G{X) G~LOW(X) G-=HIGH(X) X F(X) G{X) G=LOW(X) G-HIGH(X)
1.3749 9000 «8793 « 8985 «8993 27774 «9230 «9000 _+8902 «9904
1.8176 «9501 «9493 « 9485 »SU93 503986 «9798 +39503 <9419 «9969
_242366____ 49751 9743 _ . 49736 __ +9743 _. _10.2685_ +9983 9754 ,9692  1.000n
247780 «9901 «9893 « 9888 + 9803 240812 1.0000 «9903 .9868 1.0000
4.2017 19991 «9983 9982 «99a3 277.0766 1.0000 «9989 «9984 1.0000
A-TRUE=+100 A=LOVW=.032 A=HIGH=.272 A-TRUE=+100 A=LOW=.002 _A=-HIGH=.871 .
X F X G(X) G=LOWw{X) G-=HIGH(X) X F(x) G(X) G=LOW(X) G=HIGH(X)
_1.3722 29000 __+9000 _..B8993_ 8953 _ _ _2.5234___ .9290 _ +9000__ .8805__ .988&Q
1.8125 «9500 « 0500 «9492 «9451 L.6256 <9836 9500 « 9326 «999g
2.2281 | «9750 «9750 «97U43 «3707 842173 +9988_ «9750 «9617 _1.0000
2.7638 «9900 +9900 +«9R95 «927n 17.3556 1.0000 «9900 <9819 1.000p
4.1936 «9991 » 9091 »9990 «399832 112.4585 1.0000 @ 9989 .9971 1.0000
_A-TRUEZ.200 _A=LOw=+069  A-HIGH=.457 _ A-TRUEZ.200 __A=LOW=.Q04 _A-HIGH=.938
X F{X) G{X) G-LOW(X) G=HIGH(X) X F{X) GI{X) G6-LOW(X) G-HIGH(X)
1.3830 «9005 «9000 «3015 «8818 2.1476 .9292 <3000 <8621 <9757
1.83%9 <9508 «9502 «9517 «9311 345766 «5822 «9500 «9140 +59984
22676 «9753 «9752 <3765 «9582 57233 » 9980 +9750 «9456 1.0000
248351 «9907 +9902 «9911 «9774 10.4322 1.0000 +9900 <9701 1.0000
445033 _ _ +9994_ __+9993  .9994 __ .9950 _ _ _46.0955 1.0000  +9990 .9932 1.0000
A-TRUE=+300 A-LOW=¢113 A=HIGH=.£9Q A-TRUE=300 A-LOW=.007 A=~HIGHT+963
X F(X) G(X) G=LOn(X) G=HIGH(X) X F(X) G(X) G=LOW(X) G=HIGH(X)
l.4166 «9022 «3000 « 9065 +«8609 1.9086 « 9265 «9022 W 8477 9620
1.8978 9527 «9500 » 9565 918y 29809 «9789 «9519 «8981 «9950
_ 243699 __«9776. « 9750 «9803 _ 9463 - __He8776_ _ +9967_ _ 9768 _.9311 «9905
3.0072 «9920 «9900 « 9934 9676 76568 »39399 «9216 « 9595 +939g
4.8123 » 9995 + 9990 « 9996 «398Qx 46.2219 1.0000 + 9995 «9932  +9998
A=TRUE=«400 A-LOVv=.166 A=pIGH= .01 A-TRUEZ 400 A=LOW=.011 A-HIGH=.97¢
X F{x) G(xX) G=LOW(X) G-HIGH(X]) X F(X) G{X) G=LOw(X) G=HIGH{X)
_l.4759 __ ,9055  +9000 .9139 _  .8624 146806 <9176 +9000 8319 .943g
2.0187 «9569 «9502 «9638 «9110 204732 «9705 «9502 .8799 <9869
245782 <9814 «q752 +9858 «9398 3.4129 «9920 9752 «9114  +9980
3.3864 +994¢6 «9902 «9963 + 9626 50399 «9G992 «9902 9395 «999g
61996 9959 +9992 + 9999 <9880 13.4082 1.0000 + 9992 #9775 __1.0000
_A=-TRUE=Z+500 A=LO%W=.220  A=HIGHZ.771 . _ A=TRUEZ«500 . __A=LOW=.0lg_ _A=-HIGH=.284 _
X Fix) G(X) GeLOW(X) G=HIGH(X) X Fx) G(X) G6=LOW(X) G6=HIGH(X)
1.5668 «9104 «9000 «9231 <8595 1.5546 «9115 «9000 «8209_ 9291
202063 «9624 «9501 «9715 30865 2+.1764 <9635 «9500 «8661 «9767
2.9177 .9861  +9753  .9908  +9303 2.8564  .9871 <9750  .8960 _ <9938 _
440355 9971 9303 9982 «9622 3.8991 «9975 «9900 «9232 «9992
_ 848808 1.0000 . #9991 __ «9999_ 9891 .7.9329 _1.0000__ +9991 _ _.9624 1.000¢0




TABLE XIII. - COMPARISON OF WELCH APPROXIMATION [G(x), GLOW(X), GHIGH (x]

WITH TRUE VALUE {F(x)] - Continued

Ni=z 2 N2%i5

A-TRUF=,010 A-LOW=,003  A-HIGH=,030
X F(X) GUx) G-LOW(X) G-RIGHIX)
1,3438 <9000 900N ,8999 « 9003
1.756n 9500 L9506  L94997 ' ,9803
2.1411  .9750  ,9750  .9749  ,9753

2.6184 29900 9%0n (9R99 T 79502
3.7724 .9990 +9990 19990 19990
A-TRUF=,050 A-_0W=,017  A-HGH=.,140
X TOFIX)Y T GUX) G-LOWIX) G-HIGH(X)
1,34009 .9000 ,9900 ,8997 ,8992
T1.7534 »9%500  ,9500 V9496 V94927

2.1323 +975%0 .975n 29746 9742
2.603% 75,9900 T,9%900 L9897 9894

3.7365 .999p 9990 9989 .9988 )
A-TRUE=,100 A-p'0W=.035 A-H{GH=,256
B ¢ FI{X) T GUX) G-LoW(X) G-HIGHIX)

1,3417  ,9000 9200 9000 8946

1.7551 /95007 77,9509 T,9500 19443
2.1344 +97%0 49750 v975n0 +9700
2.6080 .9900 7,990 ,9900 ,9864
3.7466 .99%0 9990 ,999n ,5979
A-TFUFE=,200 A= 0¥=,075 A-HyGH=,437
: X TOF(XYT T GUIX)Y GSLOW(X) G-HIGHIX)
1,3585 .9008 ,9000 ,9n28 ,8820
1.7R65 ° ,9510 " ,950n . 9529 ,9310
2.1R57 .9760 ,975n 9774 V9579
T2.6926 CLF9AR  ,990n  ,9T16  B7697
3.9594 .9992 ,999n .9994 .9939
A-TPUF=.300 A-LoW=,121 A=H]GH=,571
¥ FC(XY 7 GEXY G=LOW(Y) G-HIGH(X)
1,396R ,9028 ,9n00 .9ns1 ,8709
“1.8596 L9535 TT,9501 7 L9582 77,9193
2.3n6n .9784 9750 9817 .9471
2.8965 9926 T 9997 T .9942 9680
4,5011 .9996 ,999n ,999R .9R94
A-TRUE=.400 A~ QW=,177 A-H{GH=,674
X 0 FX) GI{X) G-LOWIX) G-HTGRTXY
1,4602 ,9064 ,9non L9156 ,8637
T1L,9R37 0 TL95787T,95047 L9852 T ,9120
2.520n 19824 19751 ,9R69 9408
3,2769 "7 ,9952 T,9901 " T,9967 - ,9632
5.7675 19999 ,9999 11,0000 ,9881
A-TRUE=,500 A-| QW=,244 A-HGH=,756
X TTTRUX)YT T T GOX) TGELOVIX) G-HIGH(X)

1,5546 ,9115 L9000 9244 ,8609
R.17647 7779635 T7L,9500 7 ,9727 9098
2.8%64 9874 9750 19914 9392
3,8991 7 T 99757 T 7990 .9985° T ;9826
7.9329 +.0000 «9991  1,0000 19884

N1s10_N2= % —

. A-TRUE=,010 _A~,OW=,003 A=HIGH=.,038 .
X FIX) G(X) G~LOWLX) G-RIGH(X?
~1,5273 —,9003 _,9000 -.,8995 _.,9019 -—
2,1198 19504 ,9500 19495 . 9519
_2,7549— 9754, 9750____,9746 .. 8765
3,7060 9904 ,9900 . 9897 ,991p

~7,0318 . .,9992 .- 9990 y9989 __ ,9992
_.-A-TRUE=,050 _A=L.OW=,013  A-HIGH=,172_
X F(X) G(X) G-LOW(X) G-HIGH(X)}

~1,5051— ,9013__,9000 _,8975___ ,9023
2,0742 19514 + 9500 . 9475 19572

_246740 __+9765 ._ 9750 . 29730 .—.9807 . __
3,5549 19914 19900 9867 19935

65:5156 _-29995 _ 49990 _...9987 __.99%96 ..

— A~TRUE=.100 . A= OW=.027. _A=HIGH=.304_
X F(X) G(X) G-LOW(X) G-HIGH(X)
_1,4799 . _,%016 __,9000 ._,89%4 _ _ 9105 _
22,0231 9520 9500 ,9453 ,9603
_2,5846 _ ,9772 _ ,9750 _ _.97L1 ._.,9831 __
3,3903 « 9919 +9900 9874 19949

05,9759 __,9996 __,9990 19984 __,9998
__ A-TRUE=,200 _A-L0wW=,060 A-HIGH=,496
X F{X) G(X) G-LOW(X) G-HIGH(X)
31,4374 _ _,9017 ___,8993 ,8912 __,9101.
1,9386 19522 9493 19414 19599
_2.:4425__ 19774 19744 19674 .9829

3,1379 19920 19894 19845 +19945

.5.2857 19996 . ,9984. _,9971 9991 ..
_ A-TRUE=,300  _A-LOW=,098 A-HIGH=.628
X F(X) G(X) G-LOW(X) G-HIGHIX)
-1,4094 9020 9007, 8905___,9087____
1,8837  ,9524  ,9507  ,9402  ,9587
_2,3495._...9774 __,9756 . .,9665 __,9821 . _

2,9876 19921 19906 19842 +9945
_5,1975 __.9998 . __.9994. _ 9980 _.,9998 .__

__A-TRUE=,400  _ A-|,OW=,145  A-HIGH=.724
X FUX) GEX) G-LOW(X) G-HIGH(X)

_1,3798 . _.9008_. _,9000 _ _.8890___.9045 .
1,8269 »9510 9500 9385 19546

_2,2519 ._.9760.__..9750 19649 ._,9788 . .
2,8040 9909 19900 19826 9925
4,2714 __,9993___ ,9990__ .9966 9995

A-TRUE=,500  A-LOW=,202  A=HIGH=,798

X FOX) G(X) GeLOW(XY G-HIGH(X)

_1,3628 _ ,9003 _,9000 _ _.8895___,9p14___
1,7948  ,9504  ,9500  .9390  ,9514

_2.4991  .9755 __ _,9749_  ,9652  ,9763%
2,7150  .9904 9899  ,9828  ,9907
4,0170.  .9994 _,9989 _ ,9965 ___,999%
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TABLE:XHL-CONH%\REKHJOF\VEI&HIAPPROXBMATFDN[§00, G.

WITH TRUE VALUE [F(x)] - Concluded

N1z 5 - N2510——— —

_A-TRUEZ,010 -A-LOWs,004 . .A~HIGH=.,026—
X F(X) G(X) G~LOW(X) G-HIGH(X)
~1,3g09 - ,9000 - ,8982- .p980- 8987 —
1,8290 .9501 ,9482 ,948p ,9487
—2+2554— 49751, 9732—9730—— 9736—
2,8100 19901 9882 L9881 ,9885
—4,2663 - -,9990 -~ 9971~ 9971 -,9972 —

—A=TRUEF,050- --A=| OW=,019 _ A=H[GH=.124-
X F(X) G(X) G=LOW(X) G-HIGH(X)
—4.3731——9001——, 9000——A991— 9017——
1,8141  ,9502  ,9500 .9491  .9518
~2,2309 - ,9752-- 19750 - 49742 .9765- —
2,7684  ,9902  ,9900 .9894  ,991g
_4,1562 - ,9991 — ,9989 - ,9988 — - ,9992-—

—A=TRUE= 4100 A~ OW=,040  A=pnIGH=.230—
X F(X) G{X) G~LOW(X) G-HIGH{X)
—1436%0—- ,9002 - --9000-—--, 8985 —-,9020—
1,7988 19502 9500 19484 +9520
—2y2057 - 49752 - 49750-- 49737 - ,9767-—
2,7260 +9902 + 9900 19891 19912
—4+p455—-——, 6994, 99%0—— 9987 9992 ——

— A-TRUE=®,200 . A-,OW=,085 A-HIGH=.402--

X F(X}y G(X) G-LOW(X) G~HIGH(X)
~1,3544% ,900¢ . 9000 ,89890 .9001
1,7783 ,9501 «9500 ,9479 .9501
22,1724 _.9751 .. .9750.— .9732. .9754_
2,6703 19901, 9900 9887 + 9900
-3.9027 19990 + 9990 19986 9990
A-TRUE=,300 A-L0W=,137 A-HIGH=.536
X FX) G(X) G-LOW(X) G-HIGH(X)
~1,3502__.9000 «9000.._.B985___ ,8973. __
1,7710 ,9500 ,9500 ,9484 9472
241604 . ,9750 19750 19736 9725
2,6504 . 9900 19900 , 9890 .9883

_3.48525 . .,9990_ .9990 19987 19985
__A-TRUE=,400 A-LQW=,199 _ A-HIGH=,642__

X F{X) G(X) G=LOW(X) G-HIGH(X?
~1,3531. ,9001 ,9000 ... ,8998 .8946
1,7764 ,9501 + 9500 9498 9444
_2,1692_ .,9751 9750 £ 9748 9701
2,6649 ,9901 »9900 19899 , 9865

33,8892 L9990 ,9990._.9990__.,9980—

A-TRUE=,500 A= OW=s,27 A=HIGH=,729

X FIX) G(X) G=LOW(X) G=-HIGH(X)

21,3628 ,9003  ,9000 .9019 .,8927..
41,7948 19504 ,9500 19519 19424

241991 _.,9755___,9750___.9767 ____,9683
2,7150 ,9904 19900 .9911 ,9852
4,0170.. ,9991. 9990 _ ,9993. . ,9975

Low® CGar®)]
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